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In this paper, we study slowly rotating black hole solutions in Lovelock gravity 
(n = 3). These exact slowly rotating black hole solutions are obtained in uncharged 



£NJ ■ and charged cases, respectively. Up to the linear order of the rotating parameter 



a, the mass, Hawking temperature and entropy of the uncharged black holes get no 
corrections from rotation. In charged case, we compute magnetic dipole moment and 
gyromagnetic ratio of the black holes. It is shown that the gyromagnetic ratio keeps 
invariant after introducing the Gauss-Bonnet and third order Lovelock interactions. 

I. INTRODUCTION 



It is believed that Einstein's gravity is a low-energy limit of a quantum theory of gravity. 
Considering the fundamental nature of quantum gravity, there should be a low-energy effec- 
tive action which describes gravity at the classical level In addition to Einstein-Hilbert 
action, this effective action also involves higher derivative terms, and these higher deriva- 
tive terms can be seen in the renormalization of quantum field theory in curved spacetimes 
2|, or in the construction of the low-energy effective action of string jsj]. In the AdS/CFT 
correspondence, the higher derivative terms can be regarded as the corrections of large N 
expansion in the dual conformal field theory. In general, the higher powers of curvature can 
give rise to a fourth or even higher order differential equation for the metric, and it will 
introduce ghosts and violate unitarity. So, the higher derivative terms may be a source of 
inconsistencies. However, Zwiebach and Zumino [4] found that the ghosts can be avoided 
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if the higher derivative terms only consist of the dimensional continuations of the Euler 



5]. This higher derivative 



densities, leading to second order field equations for the metric 

fl 

theory is so-called Lovelock gravity |6|], and the equations of motion contain the most sym- 
metric conserved tensor with no more than second derivative of the metric. In this paper, 
we indulge ourselves with the first four terms of the Lovelock gravity, corresponding to the 
cosmological constant, Einstein term, Gauss-Bonnet and third order Lovelock terms respec- 
tively. So far, the exact static and spherically symmetric black hole solutions in third order 
lovelock gravity were first found in p], and the thermodynamics have been investigated in 

aid, Is]. 

On the other hand, a great many attentions have been focused on these static and spher- 
ically symmetric black hole solutions by the effect of rotation. In the AdS / CFT correspon- 
dence, the rotating black holes in AdS space are dual to certain CFTs in a rotating space 
{9], while charged ones are dual to CFTs with chemical potential 10]. In general relativ- 
ity, the higher dimensional rotating black holes have been recently studied and some exact 
analytical solutions of Einstein's equation were found in Hi, [12]. 

Since the equations of motion of Lovelock gravity are highly nonlinear, it is rather dif- 
ficult to obtain the explicit rotating black hole solutions. A new method is needed. In 
order to find rotating black hole solutions in the presence of dilaton coupling electromag- 



13| first developed a simple 



netic field in Einstein(-Maxwell) theory, Home and Horowitz 
perturbative method that a small angular momentum as a perturbation was introduced into 
a non-rotating system, and obtained slowly rotating dilaton black hole solutions. Until now, 
this approach has been extensively discussed in general relativity [14]. Taking advantage 



of this crucial tool, Kim and Cai 



15[ studied slowly rotating black hole solutions with one 



nonvanishing angular momentum in the Gauss-Bonnet gravity, here the rotating parame- 
ter a appears as a small quantity. Recently, some numerical results about the existence of 
five-dimensional rotating Gauss-Bonnet black holes with angular momenta of the same mag- 
nitude have been presented in [lf|. In addition, it is worth to mention that some rotating 
black brane solutions have been investigated in the second (Gauss-Bonnet) and third order 



Lovelock gravity 



171 ] . Nevertheless, these solutions are essentially obtained by a Lorentz 



boost from corresponding static ones. They are equivalent to static ones locally, although 
not equivalent globally. In this paper, we will analyze slowly rotating black hole solutions in 
third order Lovelock gravity. Following the Home and Horowitz's perturbative method, a 
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small rotating parameter a as a perturbation into the metric will be introduced. The slowly 
rotating black hole solutions will be studied in uncharged and charged cases, and then we 
analyze some physical properties of these black holes. 

The outline of this paper is as follows. In section [Til we review the (n = 3) Lovelock 
gravity, and derive the equations of gravitation and electromagnetic fields. Then, we explore 
slowly rotating uncharged black holes and obtain the slowly rotating black hole solution 
f(r) and expression for function p(r) by putting a new form metric into these equations. 
Moveover, we discuss some related physical properties of the black holes. In section 
we set about learning slowly rotating black holes in charged case. Section [TV] is devoted to 
conclusions and discussions. 



II. SLOWLY ROTATING BLACK HOLES IN UNCHARGED CASE 



A. Action and Black Hole Solutions 



The action of third order Lovelock gravity in the presence of electromagnetic field can be 
written as 

1 = T^T~n I d D x^(-2A + axd + a 2 C 2 + a 3 C 3 - AnGF^F 1 "), (1) 

107TCt J 

where a, is the i-th order Lovelock coefficients, F^ u = d^A v — d u A fM is electromagnetic field 
tensor with a vector potential A^. The Einstein term C\ equals to R, and the second order 
Lovelock(Gauss-Bonnet) term C 2 is R lJLU(TK R tlvaK — &R flv R lu ' + R 2 . £ 3 measures the third 
order Lovelock term which described as 

9 JDfivcTK p ppr o T3iiv nm ppr , 94 ppz^ft p pp , 

3RR^™R^ aK + 2AR? v ™R <Til R KV + l6R^R utT R^ - URRTR^ + R 3 . (2) 

Varying the action with respect to the metric tensor and electromagnetic tensor field 
F^, the equations for gravitation and electromagnetic fields are 

Ag^ + ai G$ + a 2 G$ + a 3 G® = SttGT^, (3) 



d li (y/=gF>») = 0. 



(4) 
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Here T pu = F m F v a — \g pu F a /3F al3 is the energy-momentum tensor of electromagnetic 
field, G$ = R^ v — \Rg^, u is Einstein tensor, and Gj$ and G^} are the second order 
Lovelock(Gauss-Bonnet) and third order Lovelock tensors respectively: 

= 2(-R M a /ir -R/ fcT — 2RfipvaR pa — ^R^aR a u + RRpu) — -^L 2 g pu , 

= 3R^ U R 2 — Y2RR° R av — \2R l!LV R a pR a ^ + 2AR p a Rj 'Rp v — 2AR^ R? a R a /3au 

+ 3R llu R a p aK R al3(TK ' — Y2R m R v p crK R OLliaK — 12RR IMaUK R crK + QRR pa p a R" a 

+ ZAR^avpR^R^P + 2AR ilOL p a R v R acr + 2AR ilCLV pR aK R OLa ^ K — \2R iia p (J R Ka a R KV 

1 O f? T3 aK E> 0<7 I OAT? a fi a E> K E> 1 O E? T3 a T30 (JK P 

— LZK^afjfjK ti VK + l^ti^ Kp ri aKua — LZK^avpK aKp K 

- 6R^ a R^ p R Kpau - 2AR^ Rp pv \R^ ap - -L 3 g fiu . 

Usually, the action Eq. (JT|) is supplemented with surface terms (a Gibbons- Hawking 
surface term) whose variation will cancel the extra normal derivative term in deriving the 
equation of motion Eq. (^\). However, these surface terms is not necessary in our discussion 
and will be neglected. Note that for third order Lovelock gravity, the nontrivial third term 
requires the dimension(D) of spacetime satisfying D > 7. 

The metric of slowly rotating spacetime can be written as 

1 D 

ds 2 = —f{r)dt 2 + dr 2 + r 2 hijdx l dx^ — 2ar 2 p(r)h i4: dtd(j), (5) 

* ^ i=j=3 

where hijdx l dx^ represents the metric of a (D — 2)-dimensional hyper-surface with constant 
curvature scalar (D — 2)(D — 3)k and volume here k is a constant. Without loss of 
generality, one can take k = or ±1. When k — 1, one has hijdx l dx^ = d6 2 + sin 2 6d(p 2 + 
cos 2 OdVt 2 D _ A and Haa = sin 2 9; when k = 0, h,ijdx % dx^ = d0 2 + d<fi 2 + dx 2 D _ A and Haa = 1; when 
k = —1, hijdx l dx^ = d6 2 + sinh 2 6d(f> 2 + cosh 2 9dVL 2 D _ A and = sinh 2 0, where dx 2 D _ 4 is the 
line element of a (D — 4)-dimensional Ricci flat Euclidian surface. While dVt 2 D _ i denotes the 
line element of a (D — 4)-dimensional unit sphere. 

For the convenience future, we introduce new parameters on 

2i-2 



~ _ 2A 
a ° ~ (D- 1)(D- 2)' ^ ~ a% 



Y[(D-2-l), (i = 1,2,3). (6) 



z=i 



Firstly, we consider the case without charge; namely = 0. Solving Eq. ([3]) for the metric 
given in Eq. (jSJ) and discarding any terms involving a 2 or higher powers, we find that the 
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rr-component of the equations of motion 

= (D - 7)3 3 (/(r) - kf — (D — 5)a 2 (/(r) - k) 2 r 2 + (D — ^(/(r) - A;)r 4 

+ [3a 3 r(/(r) - kf + 2a 2 (/(r) - A;)r 3 + & ir B ]f'(r) + (D — l)a r 6 , (7) 

where a prime denotes the derivative with respect to r. We notice that the angular mo- 
mentum parameter a does not appear in the rr-component. Thus, the slowly rotating black 
hole solutions f(r) is identical to the static one in form. In Eq. ((7j), there exist one real and 
two complex solutions /(r). Here, we only take the real one. This general solution f(r) for 
D-dimensional slowly rotating black hole is 

...2 



f(r) 



3a 3 



(8) 



where 



7 = (3ai«3 - a 2 ) , «(r) 



On - 



9ai<3 2 a3 27a| 



«o + 



16ttGM 



(9) 



2 2 L " u ' (£> - 2)£ fc r D - lJ ' 

The integral constant M is the gravitational mass. Hereafter, for simplicity, we take notation 



IGttGM 



(D-2)s fc - ^ ^ S eas y ^° ^ n< ^ that ^ ne som tion is asymptotically flat for A = 0, AdS for 
negative value of A and dS for positive value of A. We discuss the case of asymptotically 
AdS solutions in this paper. Thus, putting a = —l/l 2 in Eq. ([9]), we obtain 



o 9aia2 a 3 27a 
a 2 n 7T 



1 



m , 
,r>-iJ 



(10) 



3«3 L 

where </? = {k — /(r))/r 2 . 

Meanwhile, there exists off-diagonal tip- component of equations of motion, which is con 
cerned with function p(r). A tedious computation leads to a following equation 



A(r) [3A(r) + (D — 3)£?(r)1 

2 K ' 2r V ; 



0. 



(11) 



where 



A(r) = &i + 202V 9 + 3a 3 y 2 



rj/ \ ~ . ~ ,0-2, 2ra 2 <^' , 6ra 3 (p<p' 
B{r) — a x + 2a 2 <p + 3a 3 <£> + 



D-3 



D-3 



(12) 
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It can be changed into a closed form 

,D («i + 2a 2 <p + 3a 3 ^ 2 )' 



pogj/(r)]' 



r «i + 2a 2 y? + 3a 3 <^ 2 
[log(r D (fi 1 + 2a 2 <^ + 3a 3 y? 2 ))]'. (13) 



Therefore, the formal expression for function p(r) in third order Lovelock gravity is given 
by 



P(0 = / ■ 3^. o- 2 , + Ci, (14) 



where the C\ and C 2 are two integration constants. 

Note that the exact static and spherically symmetric black hole solutions of third order 
Lovelock gravity have been found by working directly in the action [71]. Here, we adopt the 
same approach. We substitute the metric Eq. (jSJ) into the action Eq. (JI]), and then it reduces 
to 



1 = 16nG J dtdr {— + r V(«i + a 2 <p + OLWlh (15) 

where a prime denotes derivative to r. Clearly, the Eq. ( TT5l) is similar in form to the static 
black hole solution [7]. By varying the action with respect to f(r), one obtains the equation 
of motion 

r .D-l 

[-p- + r D ~ V(«i + "2^ + a 3 ^ 2 )]' = 0. (16) 

Therefore, is determined by solving for the real roots of the following 3th-order polynomial 
equation 



anp + a 2 ip 2 + a 3 ip 3 = - — . (17) 



m 1 

We can easily verify by drawing a parallel between the Eqs. (I14R ([T 



^)-^) + c " < 18 > 

Let the constants C 2 = m(D — 1) and C\ = 0, the function p(r) can be written as 

p(r) = -ip = — - a 2 + IK/^ + k 2 ^) + «(r) - v/ a/7 + k2 T^) K ( r ) • (19) 
3a 3 L v J 
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B. Physical properties 



As shown in Eq. (jSJ), the slowly rotating black hole solution f(r) is independent of a. 
Though most interesting physical properties also depend only on a 2 , one can still extract 
some useful information from it. Based on discussions in the last subsection, we will inves- 
tigate physical properties of slowly rotating black holes in this subsection. 

According to the solution f(r), the gravitational mass of the solution can be expressed 

as 

M = { - ~ 2 iy~V +A 2 + k&ni + k 2 a 2 r 2 + + k*& 3 ) (20) 

107TG 

and the Hawking temperature of the black hole is 
f'(r + ) 



T 



4tc 

(D - l)r%/l 2 + (D- 3)k& 1 r 4 + + (D - h)k 2 a 2 r\ + (D - 7)k 3 a 3 



(21) 



Anr + (air\. + 2ka 2 r\ + 3k 2 a 3 ) 
Thus, the angular momentum of the black hole 

J = J^L = ^|^(rt// 6 + fcairj + k 2 a 2 r 2 + + k 3 a 3 ). (22) 

Another important thermodynamic quantity is black hole entropy. Usually, the entropy 
of black hole satisfies the so-called area law of entropy which states that the black hole 



entropy equals to one-quarter of the horizon area [19|, [20] . It applies to all kinds of black 
holes and black strings of Einstein gravity 21(. However, in higher derivative gravity, the 
area law of the entropy is not satisfied in general 22|. Since black hole can be regard as 
a thermodynamic system, it obeys the first law of thermodynamics dM = TdS + undJ. 
Through the angular velocity uh, one can get the entropy of black hole. 

For the slowly rotating solution, the stationarity and rotational symmetry metric Eq. ([5]) 
admits two commuting Killing vector fields 

The various scalar products of these Killing vectors can be expressed through the metric 
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components as follows 



£(t) ■ £(t) = 9tt = ~f{r), 

f(t) ■ £(</,) = m = -ar 2 p(r)h 44 , 

To examine further properties of the slowly rotating black holes, as well as physical 
processes near such a black hole, we introduce a family of locally non-rotating observers. 
The coordinate angular velocity for these observers that move on orbits with constant r and 
8 and with a four-velocity w M such that u ■ £(</>) = is given by 



151 



n = -- 



ap(r) 



3a 3 



a 2 



(24) 



In contrast to the case of an ordinary kerr black hole in asymptotically flat spacetime, the 
angular velocity does not vanish at spatial infinity 



3« 3 



«2 



+ v + ^ 2 ( r ) + K ( r ) - v + n2 ( r ) - K ( r ) 



aA. 



(25) 



where «(r) = af — 9ai ^ 2Q3 + 2 |p a and A is a constant. 

When approaching the black hole horizon, the angular velocity turns to be Qh — a p{ r +) — 

—a<p(r + ) — This Qh can be thought as the angular velocity of the black hole. The 

r + 

relative angular velocity with respect to a frame static at infinity is defined by 



u H = Q H - = -o(-5- + A). 



(26) 



+ 



Therefore, we get the entropy of slowly rotating black hole up to the linear order of the 
rotating parameter a 



Sfc D 2{D-2)ka 2 3(D-2)k 2 a 3 

4G r+ [ai+ {D-A)r 2 + + {D-Q)r% J 



(27) 



which recovers the results in 



a. 



III. SLOWLY ROTATING BLACK HOLES IN CHARGED CASE 
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In this section, we consider slowly rotating black hole solution with charge. In charged 
case, the situation is dramatically altered. Since the black hole rotates along the direction </>, 
it will generate a magnetic field. Considering this effect, the gauge potential can be chosen 



A u dx^ = A t dt + 



(28) 



Here we assume = —aQc(r)h^. As a result, the electro-magnetic field associated with 
the solution are 



F tr = -A' t , F r(j) = -aQc'(r)h M , F e , 



-aQc(r 



d{h^) 

de 



(29) 



where Q, an integration constant, is the electric charge of the black hole and a prime 
denotes the derivative with respect to r. Form t-component of electromagnetic field equation 
d^{yJ—gF^ u ) = 0, one can find F tr = j— , which is the same as the static form. Unlike 
the static case, there exist the 0-component of the electromagnetic field equation, and then 
the equation for function c(r) reads 

p'{r) 



{r D -*f{r)d{r))' - 2k(D - 3)r D - b c(r) 



An 



(30) 



To find the black hole solution, one may use any components of the equations of motion 
Eq. ([3]). While, these equations are influenced by charge and the rr-component reads 

Q 2 G 



2(D - 2)tt 



■ W - 2D = [3fi 3 r(/(r) - kf - 2a 2 (/(r) - k)r 3 + a 1 r 5 ]f'{r) 
+ (D - 7)a 3 {f(r) - kf — (D — 5)a 2 (/(r) - kfr 2 
+ (D - 3)5i(/(r) - k)r 4 + (D — l)5 r 6 . (31) 

Setting a = — l/Z 2 , we take the general charged solution /(r) of D-dimensional slowly 
rotating black hole in third order Lovelock gravity 

...2 



f(r) = k + 



3a 3 



a 2 



+ v + K *( r ) + K *( r ) - v + K *( r ) - K *( r ) 



(32) 



where 



~3 



7* = (3ai« 3 — a 2 ) , /t*( r ) = « 

We also introduce f(r) = k — r 2 ^* with 
1 



9ai«2«3 27a 



~-2 



m 



■[-^ + -5=1 



2 l -/ - 1 D-l r 2D-4J 



3«3 



«2 



+ V Vl* + K *( r ) + K *( r ) - V V7* + «2(r) - re*(r) 



(33) 
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The integration constant M = ^~^ fc m also is gravitational mass and the charge Q 2 is 
expressed as Q 2 = 27r ( D ~^( D ~ 3 ) g 2 . 

In addition, there exist the off-diagonal t0- component of the equation of motion, which 
is concerned with functions p(r) and c(r) 

r D {a t + 2a 2 <p* + M 3 <pl) P (r)' = AGQ 2 c(r) + C 3 , (34) 

where C3 is a constant. 

We substitute metric Eq. (jSJ) into the action Eq. flTJ). Apparently, the forms of cosmolog- 
ical constant A, Einstein tensor R, Gauss-Bonnet tensor £2 and third order Lovelock tensor 
£3 get no correction from charge in the action and maintain the same form demonstrated 
in Eq. (|T5|) . As shown in Eq. (1291) . there exist two non- vanishing F^ and Fg^ which are 
proportional to parameter a. Discarding all terms involve a 2 and higher power, F^ V F^ U in 
action Eq. ([I]) reduces to F tr F tr which is the same as the counterpart in static case. Hence, 



(p* is determined by solving for the real roots of the following 3th polynomial equation 23] 



1 2 ~ 3 171 <? 2 /or\ 

- + a^* + cw* + = - ~2D=i- ( 35 ) 

Based on Eqs. fl30|) fl34l) fl35|) . we eventually find thses explicit solutions for functions p(r) and 
c(r) 

1 



p(r) = -<p, 

= «2 + \Jvi* + k *w + K *( r ) - i/vi*+ k *w - K *( r ) > ( 36 ) 

where C3 is equal to m(D — 1). 

In the rest of this section, let us explore some physical properties of charged black holes. 
From Eq. fl32l) . the charged solutions get no corrections from the rotation up to linear order 
of a, and the introduction of charged Q does not alter asymptotic behavior of the metric. 
Therefore, the expressions for the mass and angular momentum for two cases do not change. 
Another particular characteristic of charged black hole is its gyromagnetic ratio. In general 
relativity, one of the remarkable facts about a Kerr-Newman black hole in asymptotically 
flat spacetime is that it can be assigned a gyromagnetic ratio g, just as an electron in the 



Dirac theory 12I.I24I]. For example, the gyro magnetic ratio g of a charged rotating black hole 



is g = 2 in four-dimensional spacetime 



25] . For slowly rotating third order Lovelock black 
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holes, the magnetic dipole moment is fj, — Qa. According to J = f^zf , the gyromagnetic 
ratios is obtained 

2uM 



It is clear that the value of g is the same as the case in general relativity 12| and in Gauss- 
Bonnet gravity [ijj], and it only depends on the number of spacetime dimensions. 



IV. CONCLUSION AND DISCUSSION 



Based on the non-rotating charged black hole solutions, we successfully derived the slowly 
rotating (charged) black hole solutions by introducing a small rotating parameter a in third 
order Lovelock gravity. In the new metric, we choose = —ar 2 p(r) /144 and discard any 
terms involving a 2 and higher powers, and then get the expression for function p(r), while 
the function f(r) still keep the form of the static solution. In charged case, the vector 
potential has an extra nonradial component = —aQc(r)h^ due to the rotation of the 
black hole. Since the off-diagonal component of the stress-tensor of electro-magnetic field was 
related to c(r), the equations for p(r) and c(r) become two non- homogeneous differential 
equations. However, exact solutions for c(r) and p(r) have been separately expressed as 
c(r) = ~ 47r (£)_3) r D-3 an d p(r) = —tp*. In fact, it is still valid for general a*. Up to the linear 
order of the rotating parameter a, the expressions of the mass, temperature, and entropy 
for the black holes got no correction from rotation in both uncharged and charged cases. 

It is worth to point out that for third order Lovelock gravity, its Lagrangian £3 involves 
eight terms constituted by the Ricci and the Riemann curvature tensors. Moreover, the 
resulting field equations, obtained after variation with respect to the metric tensor, have 
thirty-four terms. Considering a higher order Lovelock term, for instance the quartic Love- 
lock tensor, it involves twenty-five terms and each contains the product of four curvature 



26|, while 



terms. A general expression of the corresponding field equations was obtained in 
this work is very complicated. Therefore, taking into account all the relevant terms of the 
Lovelock action, then obtaining slowly rotating black hole solutions by solving the field 
equations for general space-times in high dimensions, is a formidable task. Note that the 
exact static and spherically symmetric black hole solutions of the Gauss-Bonnet gravity have 
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been found by working directly in the action [181 . |27| . Then, this simple method has been 
popularized in studying slowly rotating black holes in third order Lovelock gravity even 



higher order Lovelock gravity 23[. However, the metric should be taken a proper form. By 
using the same approach, the generalization of the present work may be further simplified 
and is now under investigation. 
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